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Abstract. A Monte Carlo method is used to evaluate the ground-state energy of a quantum
particle in a harmonic oscillator potential. The use of a trial wavefunction illustrates the process by
means of which the Monte Carlo method approximates with great accuracy the well known ground-
state energy of a quantum mechanical harmonic oscillator. A FORTRAN program incorporating
the numerical approach that is suitable for a personal computer is available in the online edition.

1. Introduction

In the case of a few idealized scenarios, the Schrödinger equation may be solved analytically
in order to describe the phenomenon of a quantum particle. For other systems the behaviour
of the quantum particle can become so complex that numerical techniques must be used in
order to solve the Schrödinger equation and obtain its eigenfunctions and eigenvalues. The
Monte Carlo method provides a convenient way to solve the Schrödinger equation because of
its success in obtaining a probability distribution [1].

The Monte Carlo method is commonly used in physics to simulate complex systems that are
of a random nature in statistical physics [2], semiconductor devices and material properties [3],
charge transport in semiconductor devices [4], nanocrystals [5], and quantum dot scenarios [6].
Because of the widespread use of this this method, it is important to understand the simple
process by which this numerical method describes these systems. We will explain the algorithm
involved in solving the Schrödinger equation for the ground-state energy of a quantum particle
in a simple harmonic oscillator potential and show the accuracy of this method. This numerical
method can provide a basis on which the ground-state energy of any system of quantum particles
in any potential may be described.

The ground-state energy of a quantum particle may be obtained analytically by solving
the Schr̈odinger equation if the problem is simple enough for this to be possible. Alternatively,
using a variational wavefunction for the quantum particle, the Schrödinger equation can be
solved numerically within a Monte Carlo method. The Monte Carlo method makes use of an
initial probability distribution to estimate the ground-state energy of the quantum particle. The
exact minimum energy of the quantum particle is found by varying the trial wavefunction. The
minimum ground-state energy as a function of the variational parameter identifies the ground
state as well as the system’s eigenstate. The minimum of the energy must be accompanied by
a minimum in the standard deviation.
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2. Theory

Because of its popularity, a quantum particle in a quadratic potential is an attractive scenario
in which the variational Monte Carlo method may be used to solve for the ground-state energy
of the particle. Thus the standard wave equation

H9 = E9 (2.1)

with the HamiltonianH = −(h̄/2m)∇2
D + V (rD) and the harmonic potentialV (rD) =

1
2mω

2r2
D, whereE is the eigenvalue corresponding to an eigenstate9 of the system andmandω

are respectively the mass and rotational frequency of the particle, will be solved numerically.
The differential operator used here for one, two and three dimensions, respectively, is

∇2
D =


∂2/∂x2 D = 1

∂2/∂x2 + ∂2/∂y2 D = 2

∂2/∂x2 + ∂2/∂y2 + ∂2/∂z2 D = 3

where, similarly,

r2
D =


x2 D = 1

x2 + y2 D = 2

x2 + y2 + z2 D = 3.

One way to obtain the exact ground-state energy is to assume a wavefunction of the form

9(x) = exp(−αr2
D) (2.2)

which when substituted in the Schrödinger equation, equation (2.1), gives

4α2 =
(mω
h̄

)2
(2.3)

and

2Dα = 2m

h̄2 E (2.4)

for the harmonic potential, whereD = 1, 2, 3 for one, two and three dimensions, respectively.
Thereforeα = mω/2h̄, and

E = 1
2h̄ωD. (2.5)

There are many versions of the Monte Carlo method used to solve the Schrödinger equation
for the ground-state energy of a quantum particle. One method, for example, is the diffusion
Monte Carlo method [7], which is used to solve the time-dependent Schrödinger equation.
Another method is the fixed-phase Monte Carlo method [6], which is used for wave equations
that consider a magnetic field. Below we will show how it is possible to adapt a Monte Carlo
scheme [1] to approximate these exact ground-state energies given a trial wavefunction. The
ground-state energy of the system is found by defining a local energy,EL , which from (2.1) is
written as

EL = H9

9
. (2.6)

Using the wavefunction of (2.2) the local energy becomes, in units of ¯hω,

EL = Dα + ( 1
2 + 2α2)r2

D. (2.7)

For a set ofα, {α}, we define the following energy:〈
EL
〉
92 =

∫∞
−∞9

2(x)EL(x) dx∫∞
−∞9

2(x) dx
(2.8)
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wherex represents random positions in correspondingD dimensions. A minimum gives the
eigenvalue, in addition to isolating anα in {α} which yields the ground state of the system [2].

The weighted average of (2.8) is conveniently evaluated in any dimension using its Monte
Carlo estimate. This estimate of the energy makes use of random numbers sampled from the
probability density

P(x) = 92(x)∫∞
−∞9

2(x) dx
. (2.9)

The random numbers,xij , obtained are used to calculate the Monte Carlo average energy〈
EL
〉
92 = lim

N→∞
lim
M→∞

1

N

1

M

N∑
j=1

M∑
i=1

EL(xij ) (2.10)

whereM is the ensemble size of random numbers{x1, . . . ,xi , . . . ,xM} andN is the number
of ensembles. Each ensemble uses a different set{x} of random numbers, in accordance
with (2.9) in an importance sampling context [3].

3. Importance sampling

To evaluate〈EL〉 using ensembles of random numbers from the probability distributionP(x),
the ensembles so generated must reflect the distribution function itself. A given ensemble is
chosen according to the Metropolis method [8]. This method uses an acceptance and rejection
process of random numbers that have a frequency probability distribution like92 [3,9]. The
acceptance and rejection method is due to the work of von Neumann [10] and is performed
by obtaining a random number from the probability distribution,P(x), then testing its value
to determine if it will be acceptable for use in the approximation of the local energy [11].
Random numbers may be generated using a variety of methods [12–15].

A step process of our algorithm is given in appendix A. After an ensemble of random
numbers is generated, the acceptance criterion is such that the probability of moving from an
initial random number of the ensemble,xi , to a new random number,xk, is defined as

A = 92(xk)

92(xi )
(3.1)

restricted, however, to have a maximum value of unity. These moves are done to broaden
subsequent ensembles for a wider sampling range. Thus each newxk that is a member of
the next ensemble is accepted according to whetherA obeys the inequalityA > R, where
R is a random number between 0 and 1. Five of the 50 individual ensembles are shown
in figure 1 compared with the Gaussian curve used in figure 2 for illustrative purposes. As
mentioned earlier, each ensemble is broader than the previous ensemble (histograms 1–5), in
order to achieve a wider sampling range. The initial random number,xi , is kept in the accepted
ensemble if the above inequality is not true. This process is repeated for each member of an
ensemble, as indicated by the algorithm in appendix A. A histogram in figure 2 shows the
frequency of random numbers from an average of 50 typical accepted ensembles that were
used to evaluate the energy,EL , in (2.10). The ensemble averaged has the property that it
obeys a Gaussian shape. In figure 2 a Gaussian fit was carried out to illustrate this property.
We expect that in the limit asN →∞ andM →∞ the accepted ensembles used to evaluate
the Monte Carlo estimate for the average energy will yield the ground state of the system
according to (2.10).

In the program, given in appendix B, the broadening of the ensemble is achieved through
the line

Y = X(K) + DELTA∗ (RAN0(SEED)− 0.5). (3.2)

(Appendix B is not printed in the paper edition, but is available in, and may be downloaded
from, the online edition of the journal: seehttp://www.iop.org.)
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Figure 1. Five of the 50 histograms used in the average histogram shown in figure 2. The solid
Gaussian line from figure 2 is shown here for comparison.
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Figure 2. Average of 50 typical ensembles (dots) fitted by a Gaussian curve (solid line).

HereY is the new valuexf to be tested andX(K) is the valuexi of a previously accepted
ensemble forK = i . The range width is determined byDELTA, adjusted to suit particular
needs, and the value 0.5 ensures the availability of negative numbers. The random number
generator only produces numbers between 0 and 1, so there will be an initial maximum random
value and an initial minimum random value. These maximum and minimum values in the new
accepted ensemble,{X(K)}, are kept as subsequent ensembles grow in range. The number of
ensembles used is adjusted byNSTEP.

When evaluating the energy of the system it is important to calculate the standard deviation

σ =
√(〈E2

L〉92 − 〈EL〉292

)(
M(N − 1)

)
of this energy. Since〈EL〉92 will be exact when an exact trial wavefunction is used, then the
standard deviation of the local energy will be zero for this case [6]. Thus in the Monte Carlo
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method, the minimum of〈EL〉92 should coincide with a minimum in the standard deviation.
A full implementation of the algorithm in appendix A, using code suitable for a personal

computer, is incorporated, for the case of one dimension, into the program of appendix B.

4. Results

The Monte Carlo process described here has been employed for the one-, two- and three-
dimensional cases of the simple harmonic oscillator. Figures 3–5 respectively give the energies
obtained for each dimension. The minimum energy for each dimension is accompanied by a
minimum in the standard deviation shown as an inset in each figure. The energy minima are
in agreement with what is expected analytically,E = D/2 in units ofh̄ω, α = 1

2 in units of
mω/h̄, andD = 1, 2, 3 for each dimension, respectively.

Finally, in one dimension, we have studied a family of curves using the exponential

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

0 0.5 1 1.5 2

Variational Param eter (ALPHA)

E
n

er
g

y

0

0.002

0.004

0.006

0.008

0.01

0 0.5 1 1.5 2
ALPHA

S
ta

n
d

ar
d

 D
ev

ia
ti

o
n

Figure 3. One-dimensional results for the energy using 50 ensembles each with 500 random points.
The inset shows the standard deviation. Both minima occur atα = 0.5.
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Figure 4. Two-dimensional results for the energy using 50 ensembles each with 500 random points.
The inset shows the standard deviation.
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Figure 5. Three-dimensional results for the energy using 50 ensembles each with 500 random
points. The inset shows the standard deviation.

function9(x) = exp(−αxn) for n = 4 and 6 (even values ofn) for comparison with the
n = 2 case. We also included in this study the function9(x) = cos(πx/2α), −α < x < α,
for completeness. Our results are summarized in table 1. The results are consistent with our
conclusions, i.e. the variational Monte Carlo method indicates that9(x) = exp(−αx2) is the
correct wavefunction because for a givenα a minimum of energy,Emin, is achieved along with
a simultaneous minimum inσ . None of the non-exact wavefunctions give such conclusive
results.

5. Summary

A variational Monte Carlo method (VMC) has been used to obtain the numerical ground-state
energies of the one-, two- and three-dimensional versions of the simple harmonic oscillator.
In our example a variational wavefunction was used that is similar to the exact ground state.
In figures 3–5, a minimum in the energy is accompanied with a minimum in the standard
deviation for the one-, two- and three-dimensional cases, which together showed that the
numerical results are in very good agreement with the exact analytical results. It is expected

Table 1. Minimum values for the energy,E, standard deviation,σ , and variational parameter,α,
are shown for the exact wavefunction and three non-exact wavefunctions. There are two types of
values indicated: anα and aσ that correspond to a minimum energy,Emin. Also there is anα and
anE that correspond to a minimum standard deviation,σmin. For the case wheren = 2 anEmin
and aσmin are both found at the same value ofα. This is due to the fact that9(x) = exp(−αx2)

happens to be the exact wavefunction.

Case αEmin Emin σEmin ασmin Eσmin σmin

9(x) = exp(−αxn) n = 2 0.5 0.5 0 0.5 0.5 0
n = 4 0.15 0.583 6 0.000 624 0.5 0.694 511 0.000 63
n = 6 0.045 0.693 572 0.001 083 0.015 0.751 23 0.000 902

9(x) = cos
(πx

2α

)
2.2 0.563 042 0.001 165 a a a

−α < x < α

a Here the cosine function does not yield a minimumσ for which we can find a corresponding value ofE.
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that for cases in which the exact wavefunction is not known the minimum energy can still be
identified with a minimum in the standard deviation. In fact the results summarized in table 1
as discussed in the previous section strengthen this capability of the variational Monte Carlo
method. We hope to apply this general numerical method to obtain ground-state energies in
more complex systems in the future.
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Appendix A

Ground-state energy of a quantum harmonic oscillator algorithm using a variational Monte
Carlo method.

Output: Ground-state energy,E(α), standard deviation,σ , acceptance ratio,ARATIO.

Modifiable
parameters: M, P ,N , DELTA, NSTEP, and theALPHA iteration range.

STEP 1. Create the array of random numbersX(M,N,P ).

STEP 2. InitializeEAVE, ESQUandACCEPTto zero.

STEP 3. EvaluatePSIX= exp(−ALPHA∗X2) with X(M,N,P ).
EvaluatePSIY= exp(−ALPHA∗X2) with
Y = X(M,N,P ) + DELTA∗ (RAND(0)− 0.5).
Evaluate the probability ratioA = (PSIY)2/(PSIX)2.
If A > 1, thenA = 1.

STEP 4. IfA > RAND(0), then
X(M,N,P ) = Y
ACCEPT= ACCEPT+ 1/P .

STEP 5. Evaluate the local energy,EL , EAVE= EAVE+EL , ESQU= ESQU+EL .

STEP 6. ForK = 1, . . . ,M, repeat STEP 3–5 untilK = M.

STEP 7. ForISTEP= 1, . . . ,NSTEP, repeat STEP 3–5 untilISTEP= NSTEP.

STEP 8. EvaluateARATIO= ACCEPT/(M ∗ NSTEP),
EMEAN= EAVE/(M ∗ NSTEP),
ESQUMEAN= ESQU/(M ∗ NSTEP),

ESIGMA=
√
(EMEAN)2 − ESQUMEAN

M ∗ NSTEP− 1
.

OutputEMEAN, ESIGMA, ARATIO.

STEP 9. ALPHA= ALPHA+ 0.05.
For I = 1, . . . ,20, repeat STEP 2–8.
STOP.



212 S Pottorf et al

References

[1] Hammond B L, Lester W A and Reynolds P J 1994Monte Carlo Methods in Ab Initio Quantum Chemistry
(Singapore: World Scientific) pp 45–7

[2] Binder K and Heermann D W 1988Monte Carlo Simulations in Statistical Physics(Berlin: Springer)
[3] Hess K 1991Monte Carlo Device Simulation: Full Band and Beyond(Boston, MA: Kluwer)
[4] Jacoboni C and Reggiani L 1983 The Monte Carlo method for the solution of charge transport in semiconductors

with applications to covalent materialsRev. Mod. Phys.55 (3)
[5] Kumar V 1997 Monte Carlo simulations of iron islands on a calcium fluoride silicon substrateJ. Undergrad.

Res. Phys.1559–62
[6] Bolton F 1996 Fixed-phase quantum Monte Carlo method applied to interacting electrons in a quantum dot

Phys. Rev.B 54 4780
[7] Kosztin I, Faber B and Schulten K 1996 Introduction to the diffusion Monte Carlo methodAm. J. Phys.64

633–44
[8] Metropolis N, Rosenbluth A W, Rosenbluth N M, Teller A M and Teller E 1953 Equations of state calculations

by fast computing machinesJ. Chem. Phys.211087–92
[9] Roe B P 1992Probability and Statistics in Experimental Physics(Berlin: Springer)

[10] von Neumann J 1951 Various techniques used in connection with random digitsUS National Bureau of Standards
Applied Mathematics SeriesNo 12 (Washington, DC: US Govt. Printing Office) pp 36–8

[11] Rubinstein R Y 1981Simulation and the Monte Carlo Method(New York: Wiley)
[12] Press W H, Teukolsky S A, Vetterling W T and Flannery B P 1992Numerical Recipes in FORTRAN2nd edn

(Cambridge: Cambridge University Press)
[13] Cheney W and Kincaid D 1985Numerical Mathematics and Computing2nd edn (Monteray, CA: Brooks/Cole)
[14] Hamming R W 1973Numerical Methods for Scientists and Engineers2nd edn (New York: McGraw-Hill)
[15] Papoulis A 1965Probability, Random Variables, and Stochastic Processes(New York: McGraw-Hill)



Online supplement

This item does not appear in the paper edition.

Appendix B

The program below is a full implementation of the algorithm in appendix
A, for the case of one dimension, using code suitable for a personal
computer.

C OSC1DPC.FOR
C Variational Monte Carlo method for the ground state energy
C of a one dimensional simple harmonic oscillator.
C X(M,P,N) is a random number where M is the ensemble size, P is
C the dimension of the wave function (let P=1), and N is the
C number of electrons in the system (let N=1). In this case, N
C and P may be omitted because their loops are not needed in this
C program, so that the random number array is X(M,1,1) or X(M).
C The function RAND returns a uniform random number between 0 and
C 1, and is a nonintrinsic function.
C Problems. Contact Shawn Pottorf (stu596@westga.edu) or
C J.E. Hasbun (jhasbun@westga.edu).
C Code tested on an 80486 IBM compatible personal computer.

C-------------------------------Declarations---------------------------------
CHARACTER*14 FILEN1, FILEN2
PARAMETER(M=500)
COMMON SEED
INTEGER NSTEP, ACCEPT, SEED
DOUBLE PRECISION ALPHA,DELTA,EAVE,ESQU,EX,ARATIO,EMEAN
DOUBLE PRECISION ESIGMA,PSIX,PSIY,Y,A,X(M)

C----------------------------------Constants----------------------------------
ALPHA=0.
DELTA=0.9
SEED=57721566.
NSTEP=50

C--------------------------------Main Program-------------------------------
FILEN1=’E1’
FILEN2=’E2’

14 FORMAT(A14)
OPEN(UNIT=15,FILE=FILEN1)
OPEN(UNIT=16,FILE=FILEN2)

C Initial random ensemble - X(K)
DO 10 K=1,M
X(K)=RAND(0)

10 CONTINUE



C Variational parameter (ALPHA) loop.
DO 210 I=1,20
ALPHA=ALPHA+0.05
EAVE=0.
ESQU=0.
ACCEPT=0.

C NSTEP - the number of loops to average the ground state energy.
C PSIX - the initial wave function.
C The move Y=X + DELTA*RAND is proposed.
C PSIY - the test wave function using Y.
C EX - the local energy.
C The K loop does the energy integral.
C The value A should not exceed unity.

DO 20 ISTEP=1,NSTEP
DO 30 K=1,M

PSIX=DEXP(-ALPHA*X(K)*X(K))
Y=X(K)+DELTA*(RAND(0)-.5)
PSIY=DEXP(-ALPHA*Y*Y)
A=DMIN1((PSIY*PSIY)/(PSIX*PSIX),DBLE(1.))
IF (A.GE.RAND(0)) THEN

X(K)=Y
ACCEPT=ACCEPT+1

END IF
EX=ALPHA+(0.5-2.*ALPHA*ALPHA)*X(K)*X(K)
EAVE=EAVE+EX
ESQU=ESQU+EX*EX

30 CONTINUE
20 CONTINUE

C Acceptance ratio, mean local energy, and standard deviation.
C EPSI - known analytic result for the 1D harmonic oscillator.

ARATIO=1.*ACCEPT/M/NSTEP
EMEAN=EAVE/M/NSTEP
ESIGMA=EMEAN*DSQRT(DABS(ESQU/M/NSTEP/EMEAN-1.))
TEXTSIGMA=ESIGMA/DSQRT(DBLE(1.*M*NSTEP-1.))
EPSI=0.5*ALPHA+1./8./ALPHA

C-----------------------------------Output---------------------------------------
WRITE(6,*)’ EMEAN ESIGMA ARATIO ’
WRITE(6,100) EMEAN, ESIGMA, ARATIO
WRITE(15,100) ALPHA, EMEAN, EPSI
WRITE(16,100) ALPHA, ESIGMA, TEXTSIGMA

210 CONTINUE
100 FORMAT(3F15.10)
110 FORMAT(4F15.10)
120 FORMAT(F15.10)
130 FORMAT(2F15.10)



140 FORMAT(F15.10,I10)
STOP
END

C ===================== RAND =======================
FUNCTION RAND(X)
COMMON SEED
DATA A,C,P/3141592621.,2718281829.,10000000000./
R=A*SEED+C
SEED=MOD(R,P)
RAND=SEED/P+X
RETURN
END


